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Abstract

Measures of stock market volatility, such as the cross-sectional dispersion
of firm-level stock returns and the time-series volatility of market returns,
fluctuate countercyclically. While this phenomenon is often used as evi-
dence that exogenous rises in uncertainty lead to economic recessions, we
show that first-moment productivity shocks can cause countercyclical fluc-
tuations in stock market volatility. We study a dynamic model with costly
state verification, allowing for ex-ante monitoring that can credibly compel
borrowers to reveal true investment outcomes to lenders, thereby reducing
information asymmetry. Interpreting these financial contracts as external
equities, we show that the calibrated model, with only first-moment shocks,
can generate cyclical fluctuations in equity return volatility and financial
conditions, with correlation coefficients between pairs of these measures
quantitatively in line with the data.
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1 Introduction

Measures of stock market volatility, such as the cross-sectional dispersion
of individual stock returns and the time-series volatility of market returns,
tend to rise during economic downturns (Campbell and Lettau (1999)). The
significant countercyclical movements of these measures are often used
as evidence supporting the notion that uncertainty shocks – exogenous
increases in uncertainty – negatively impact aggregate economic activities
and lead to recessions (see, for example, Bloom (2009), Gilchrist et al. (2014)
and Basu and Bundick (2017), among many others).1

However, there is no consensus on whether higher uncertainty is an
exogenous source of recessions or an endogenous response to economic
fundamentals. In contrast with the studies mentioned above, there is also a
strand of literature that view higher uncertainty (volatility) as an outcome,
rather than a cause, of economic recessions. Examples of models based on
information and financial frictions include Van Nieuwerburgh and Veld-
kamp (2006), Bachmann and Moscarini (2011), Gorton and Ordoñez (2014)
and Ai et al. (2020). Further, empirical studies, such as Ludvigson et al.
(2021) and Cesa-Bianchi et al. (2020), found that the observed countercycli-
cal fluctuations of uncertainty measures can be due to first-moment shocks
to economic fundamentals. In particular, as pointed out by Jurado et al.
(2015), stock market volatility and cross-sectional dispersion in individual
stock returns may change over the business cycle even if there is no change
in uncertainty about economic fundamentals.

We propose a mechanism through which a negative first-moment shock
to the aggregate productivity leads to increases in both the cross-sectional
dispersion of individual stock returns and the time series volatility of mar-
ket returns. Our study complements the literature by providing an alterna-
tive explanation for the observed countercyclical movements of measures
of stock market volatility.

We consider a dynamic model incorporated with the costly state verifi-

1Bloom (2009) estimated a vector autoregression (VAR) model and found that a shock to
the market volatility index leads to a rapid fall of production and employment. Gilchrist
et al. (2014) conducted a VAR analysis showing that a shock to stock return volatility
results in a widening credit spread and decreases in both output and investment. Using
a structural VAR model, Basu and Bundick (2017) identified an uncertainty shock as an
exogenous increase in the implied volatility of future stock returns.
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cation (CSV henceforth) of Townsend (1979).2 However, we deviate from
conventional CSV models by allowing for both ex-ante monitoring and ex-
post monitoring. Ex-ante monitoring refers to setting up a mechanism in
advance to credibly force borrowers to reveal true investment outcomes to
lenders.3 In contrast, ex-post monitoring happens only when the promised
payment is not made and thus the project is liquidated by lenders, as in
conventional CSV models. Borrowers can utilize combinations of the two
monitoring technologies. Although ex-ante monitoring is also costly, it en-
ables payment to lenders to be made contingent on revealed information,
thereby reducing the likelihood of costly liquidation (ex-post monitoring).

Another important feature of our model is that we allow borrowers to
accumulate net worth, and thus the financial conditions of borrowers play
an important role in financial contracting. When borrowers’ net worth de-
clines after adverse (first-moment) shocks, the costs of external financing
increase. Consequently, optimal contracts call for more intensive use of ex-
ante monitoring, requiring payments to lenders be contingent on revealed
information. This mitigates information friction and reduces the likelihood
of costly liquidation (ex-post monitoring). However, as a byproduct, the
optimal financial contracts become more ‘equity-like’, with lenders assum-
ing more aggregate and idiosyncratic risks, indicating higher volatility in
lenders’ returns from the contracts.

It is worth noting that this mechanism differs from risk-sharing, since it
is not about smoothing consumption between borrowers and lenders. In
fact, in the model both parties are assumed to be risk-neutral. However,
it is optimal to distribute more risks to lenders for a borrower with lower
net worth, since it helps reduce the likelihood of costly liquidation (ex-post
monitoring). Thus, in our model, it is the minimization of monitoring costs,
rather than risk-sharing, that determines the distribution of risk between
lenders and borrowers.

2Krasa and Villamil (2000) show that the CSV model can be viewed as a reduced form
of a costly enforcement model in which enforcement is chosen optimally by investors as
part of a perfect Bayesian Nash equilibrium.

3The ex-ante monitoring in our model is similar to the observable return investment
technology in Chang (1999), Seward (1990) and Boyd and Smith (1998, 1999). However,
our paper differs from theirs in some important ways. While their papers study optimal
investment and capital structure in static environments, we consider a dynamic model
in which borrowers are allowed to accumulate net worth over time, and investigate how
information asymmetry and optimal financial contracts vary with borrowers’ net worth
over business cycles.
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The financial contracts in our model are interpreted as external equities,
while the borrowers correspond to entrepreneur-managers, who not only
operate firms but also hold internal equities of the firms. As pointed out
by Leland and Pyle (1977) and Myers and Majluf (1984), issuing external
equity can be costly due to information asymmetry between the manager
and the potential buyers of external equity.4 Our model explores the en-
dogenous nature of corporate information friction associated with external
financing by allowing for endogenous variation in the intensity of ex-ante
monitoring.

Our model predicts that both the cross-sectional dispersion of individ-
ual equity returns and the volatility of market return increase following
(first-moment) negative shocks to the aggregate productivity. This is due
to the following reasons:

First, as mentioned before, as borrowers’ net worth (i.e., internal equity
of entrepreneur-managers) declines after adverse first-moment shocks, ex-
ternal financing becomes more difficult. Thus, ex-ante monitoring is used
more intensively to facilitate external equity financing, requiring payments
be contingent on revealed information. As a byproduct, more aggregate
and idiosyncratic risks are distributed to lenders (i.e., investors of external
equities), indicating higher volatility in equity returns. This result is con-
sistent with the long-standing notion that individual stock return volatility
is closely related to the flow of firm-specific information (Campbell et al.
(2023)).

Second, in the model, following adverse first-moment aggregate shocks,
heterogeneity in borrowers’ financing decisions increases, which also con-
tributes to the increased cross-sectional dispersion of equity returns. This
is due to the fact that non-financially constrained borrowers always make
the same financing decisions regardless of their wealth levels, while finan-
cially constrained borrowers make different decisions according to their
wealth levels. After an adverse shock, borrowers’ wealth distribution is
shifted to the left. This increases the fraction of financially constrained bor-
rowers, leading to greater heterogeneity in their decisions and thus larger
cross-sectional dispersion in equity returns.

The calibrated model, subject to only first-moment productivity shocks,

4To reduce information asymmetry and thus the costs of external financing, firms tend
to increase information disclosure when anticipating equity offerings (see Section 5.2.1 in
Healy and Palepu (2001)).
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can generate cyclical patterns of stock return volatility and financial con-
ditions that are quantitatively inline with the data. Our exercises focus
on three measures, namely the cross-sectional standard deviation of in-
dividual stock returns, the volatility of market return, and the tightness
of the economy-wide financial conditions. The model generated correla-
tion coefficients between pairs of these measures align quantitatively with
their empirical counterparts. Further, our impulse response exercise shows
that following a first-moment shock with no persistence, the increases in
stock return volatility are not only significant but also persistent. This
persistence arises because stock return volatility is largely determined by
the distribution of borrowers’ financial conditions, which takes time to
recover.

1.1 Related literature

Our paper is related to the growing body of literature on the relationship
between uncertainty (volatility) and economic activities:

One strand of the literature view exogenous increases in uncertainty as
a cause of economic recessions.5 Our paper is related to the recent studies
on how financial frictions may amplify the effects uncertainty/volatility
shocks on the real economy. For example, Gilchrist et al. (2014) show
that financial frictions amplify the effects of uncertainty shocks on invest-
ment through variation in credit spreads. Christiano et al. (2014) study
a dynamic general equilibrium model incorporated with an agency prob-
lem as that in Bernanke et al. (1999), and find that volatility shocks are
an important driving force for business cycles. Arellano et al. (2019) con-
sider a model with incomplete financial markets, showing that uncertainty
shocks lead to higher default risk and a further decline in hiring. Alfaro
et al. (2024) consider a model with both real and financial frictions, finding
that the adverse effects of uncertainty shocks are amplified, prolonged and
propagated by financial frictions. Ottonello and Winberry (2020) consider
the role of financial frictions and firm heterogeneity in the transmission
of monetary policy, and find that firms with lower default risk are more

5For example, Bernanke (1983), Bloom (2009), Bloom et al. (2018) and Campello et al.
(2024) study the real options effects of increased uncertainty, while Gilchrist et al. (2014),
Arellano et al. (2019) and Alfaro et al. (2024) focus on how financial frictions may amplify
the effects of uncertainty shocks. Gambetti et al. (2025) find that increased uncertainty
exerts depressing effects on economic activities only during periods of high agreement.
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responsive to monetary shocks. In these studies, stock market volatility is
typically viewed as proxies for uncertainty.

In contrast with these studies, our paper considers the reverse causality.
Our paper offers a complementary perspective by demonstrating that first-
moment productivity shocks can generate counter-cyclical fluctuations in
stock market volatility through optimal equity financing contracts under
costly state verification and ex-ante monitoring, thereby providing a novel
channel by which fundamental shocks translate into financial volatility.

In particular, our model predicts a positive correlation between cross-
sectional dispersion of individual stock returns and volatility of market
(average) return. This significant empirical pattern is well-documented
but may not be clearly explained. Increases in idiosyncratic risks, i.e., risks
that can be reduced or eliminated through diversification, can indeed in-
crease cross-sectional dispersion, but not necessarily volatility of market
average. If there exists a linkage between aggregate and idiosyncratic risks,
what is it? This paper explains this phenomenon from a different perspec-
tive: Since the amounts of idiosyncratic and aggregate risks distributed
to lenders are both determined by borrowers’ financial conditions, thus
cross-sectional dispersion and market volatility tend to move together.

Another strand of the literature views higher uncertainty (volatility)
as outcomes of economic recessions. Some theories presume that adverse
shocks reduce economic activities and learning, leading to less informa-
tion and thus higher uncertainty (e.g., Van Nieuwerburgh and Veldkamp
(2006), Ordoñez (2013) and Fajgelbaum et al. (2017)). Some studies postu-
late that the increased dispersion and volatility can be caused by adverse
first-moment shocks. For example, Gorton and Ordoñez (2014) argue that
negative shocks trigger acquisitions of private information on asset qual-
ity, leading to larger dispersion of asset values. Ai et al. (2020) argue that
negative shocks worsen capital misallocation, leading to counter-cyclical
market volatility and cross-sectional dispersion in asset returns. Bachmann
and Moscarini (2011) and Tian (2015) argue that negative shocks encour-
age firms’ risk-taking, leading to higher volatility. Our paper complements
this literature by providing an alternative explanation why adverse first-
moment shocks can cause higher stock market volatility.

Our paper is also related to studies on the dynamic patterns of corporate
financing over business cycles. In the earlier studies, such as Bernanke
and Gertler (1989), Carlstrom and Fuerst (1997) and Bernanke et al. (1999),
there is typically no flexibility in firms’ financing arrangement because only
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debt financing is allowed. More recent studies, such as Hackbarth et al.
(2006), Covas and Den Haan (2011, 2012), Jermann and Quadrini (2012) and
Begenau and Salomao (2019), consider the dynamic patterns of debt and
equity financing over the business cycle.6 In contrast with those studies,
the present paper focuses on external equity financing, and investigates
the endogenous variation of the degree of information asymmetry between
entrepreneur-managers and outside investors over the business cycle and
the implications for stock return volatility.

The rest of the paper is organized as follows. Section 2 describes and
solves the model. Section 3 applies the model to account for the observed
countercyclical fluctuations in stock return volatility. Section 4 concludes.

2 The Model

We propose a theory that explains the cyclical fluctuations of stock market
volatility through the lens of a costly-state-verification (CSV henceforth)
framework incorporated with ex-ante monitoring. In the model, the bor-
rower and lenders jointly invest in a project, and realized investment rev-
enues are split between them. The financial contract signed between the
borrower and lenders are interpreted as external equity. As will be shown
below, volatility of stock return depends on how realized revenues of the
project are to be split between the borrower and lenders, which in turn
depends on the agency friction. We investigate how the borrowers’ finan-
cial conditions and thus the severity of agency friction vary over business
cycles and the implications for dispersion/volatility of stock returns.

2.1 Environment

Time is discrete and the horizon is infinite, i.e., t = 0, 1, .... There is only one
type of goods, that is, consumption goods, which are the ‘numerair’, and
can be consumed or invested. All the prices and quantities are expressed
in terms of consumption goods.

6Earlier studies, such as Santos (1997), Boyd and Smith (1998, 1999), Chang (1999) and
Bolton and Freixas (2000), typically focus on the design of optimal financial contracts and
optimal capital structure in the presence of different financial frictions, rather than their
variation over the business cycle. For detailed surveys, please see Harris and Raviv (1991)
and Franklin and Winton (1995).
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There are two groups of agents: borrowers and lenders, with the mass
of each group being normalized to one.

Lenders are risk neutral, who can either lend to borrowers or invest in a
storage technology that has a constant gross return of R that is exogenously
given.

Borrowers, indexed by i ∈ [0, 1], discount future consumption at rate β,
and are also risk neutral. The life-time utility of the borrower is given as
E0

∑
∞

t=1 β
tcit, where cit denotes consumption in period t.

In period t, borrower i starts with wit units of consumption goods. The
wealth distribution is denoted by cumulative density function Φt(w). At
the beginning of the period, each borrower is endowed with an investment
opportunity, called ‘project’. To start the project, the borrower has to invest
one unit of goods. The part of funds invested by the borrower him/herself
is called ‘net worth’, denoted by nit. The rest of the funds invested, 1 − nit,
is borrowed from lenders. However, as will be discussed below, external
financing is subject to information asymmetry.

In what follows, we temporarily drop the borrowers’ index i for conve-
nience.

2.1.1 Ex-ante and ex-post monitoring

In our theoretical analysis, an important deviation from conventional CSV
models is that we allow for ex-ante monitoring, which refers to setting up
a mechanism in advance which can credibly force borrowers to reveal the
actual investment revenues to lenders. Ex-ante monitoring eliminates the
borrower’s capability to mis-report profits, and thus reduces the degree of
information asymmetry and the costs of external financing.7

With ex-ante monitoring, the borrower’s investment revenue, y, con-
sists of an observable part, denoted by yz, which can be observed by both
the borrower and lender, and an unobservable part, denoted by yu, which is
only privately observed by the borrower:

y = yz + yu, (1)

7A classical example of ex-ante monitoring is the uses of outside professional auditors
(who are familiar with the borrower’s project and can interpret any data about the project’s
return). It became common in the late 19th century in the U.K. (Watts and Zimmerman
(1983)).
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where
yz = α · ez

· (ρRK)︸               ︷︷               ︸
observable

and yu = (1 − α) · eu
· RK︸                   ︷︷                   ︸

unobservable

. (2)

Here, α ∈ [0, 1] denotes the fraction of investment under ex-ante monitor-
ing, and thus 1−α is the part of investment not under ex-ante monitoring.
The aggregate investment return, RK, is observed by the public. z and
u are two idiosyncratic shocks. As can be seen from expressions (2), the
distributions of yz and yu depend on the choice of α. Let fyz(yz) and Fyz(yz)
denote respectively the probability density function and cumulative den-
sity functions of yz. Similarly, the p.d.f. and c.d.f. of yu are denoted by
fyu(yu) and Fyu(yu). Importantly, the intensity of ex-ante monitoring, α, is
endogenously determined in the optimal financial contract, which may
vary with the borrower’s dependence on external financing.8

Furthermore, ex-ante monitoring is also costly. As can be seen in (2),
the expected return of investment under ex-ante monitoring is a fraction
ρ ∈ (0, 1) of that of investment not under ex-ante monitoring. The cost
of ex-ante monitoring, 1 − ρ, serves as a flexible approach to capture not
only the direct costs (e.g., the costs to hire a professional auditor), but also
indirect costs associated improving observability of realized profits. For
example, during recessions, firms may reduce R&D investment, which may
have higher returns but are subject to more severe information asymmetry,
when compared to fixed capital investment.9

In contrast to ex-ante monitoring, ex-post monitoring takes place only
when the project is liquidated by lenders, as in conventional CSV models.
For the fraction of investment not under ex-ante monitoring, the realized
revenue can only be observed when liquidation (ex-post monitoring) hap-
pens. In such cases, lenders have to pay a monitoring cost that is equal to
a fraction µ of the unobservable investment revenue.

Obviously, when ex-ante monitoring is not used at all (α = 0), the op-
timal contract is standard debt as in conventional CSV models. When the
borrower’s investment is under fully ex-ante monitoring (α = 1), informa-

8As Leland and Pyle (1977) and Myers and Majluf (1984) point out, issuing new equity
can be costly due to asymmetric information. New equity issues are usually following
additional credible information releases (Korajczyk et al. (1991)). Also, empirical studies
have provided plenty of evidence that firms tend to increase information disclosure before
and after security issuance (Healy and Palepu (2001)).

9See, for example, Brown et al. (2009) and Aghion et al. (2012).
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tion asymmetry is entirely eliminated and the optimal contract is standard
equity, with payment to lenders being perfectly correlated with realized
revenues.

Assumption 1 The cost of ex-ante monitoring is between zero and the cost of
ex-post monitoring, i.e., 0 < 1 − ρ < µ.

Assumption 1 ensures a trade-offbetween the two monitoring technolo-
gies. When ex-ante monitoring is more costly than ex-post monitoring (i.e.,
1−ρ > µ), it is never optimal to use ex-ante monitoring. This is because the
cost of ex-ante monitoring is incurred with certainty, while the cost of ex-
post monitoring is incurred only in the event of liquidation. In this case, the
borrower would optimally choose α = 0. In contrast, if ex-ante monitoring
is free (i.e. ρ = 1), the borrower always sets up full ex-ante monitoring (i.e.,
α = 1), which completely eliminates information asymmetry.

Assumption 2 ρRK > R always holds.

Remember that ρRK is the expected return of investment under ex-ante
monitoring. Thus, Assumption 2 ensures that the surplus from investment
under ex-ante monitoring is strictly positive. As will be shown below, this
assumption ensures that the borrower’s value is always strictly positive.

2.1.2 Shocks

We assume that lenders can only imperfectly infer unobservable revenue yu

by observing the observable part, yz. Specifically, we assume both shocks
z and u comprise a common component and an idiosyncratic component:

z = s + εz and u = s + εu, (3)

where s denotes the common component, which captures the impacts of
the macro- and industry-level factors, and εz and εu denote the idiosyn-
cratic components, which are independent from one another, and are i.i.d.
across borrowers and over time. Also, εz and εu are independent from the
common component, s. Since for a given borrower, εz and εu are indepen-
dent of each other, thus z and u are not perfectly correlated. In fact, z and
u are independent conditional on s.
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We assume that

s ∼ N(−σ2
s/2, σ

2
s ) and εz, εu ∼ N(−σ2

ε/2, σ
2
ε).

Notice that the joint normal distribution of s and z is given by:[
s
z

]
∼ N

([
−σ2

s/2
−(σ2

s + σ
2
ε)/2

]
,

[
σ2

s σ2
s

σ2
s σ

2
s + σ

2
ε

])
Conditional on z, the conditional distribution of s is given by:

s|z ∼ N(κz, σ2
s|z),

where κ ≡ σ2
s/(σ2

s + σ
2
ε) and σ2

s|z ≡ σ
2
sσ

2
ε/(σ2

s + σ
2
ε). Thus, the realized value

of z does provide some information on s, but the idiosyncratic component
obscure the signal. It follows that the distribution of u conditional on z is

u|z ∼ N(κz + ς, σ2
u|z). (4)

where σ2
u|z ≡ σ

2
s|z + σ

2
ε and ς ≡ −σ2

ε/2.

2.2 Financial contract

The lender proposes a menu of contracts, where the contractual terms are
contingent on the borrower’s net worth n.10 Then, the borrower determines
the level of net worth to invest in the project and selects the corresponding
contract.

Given net worth n, the borrower borrows 1 − n from the lender. The
financial contract, denoted by A(n), specifies: (1) the intensity of ex-ante
monitoring, α, and (2) repayment rules and ex-post verification region.11

We focus on incentive-compatible contracts that induce the borrower
to truthfully report the realized total revenue y.12 Since yz is observable

10Appendix A3.2 shows that given the bargaining powers of the lender and the bor-
rower, the optimal contract is invariant to who proposes the contract.

11In the benchmark model, we assume that α is perfectly observable and contractible.
In Appendix A3.1, we relax this assumption and show that the model results remain
qualitatively the same even if α is non-contractible.

12Ex-post monitoring happens when the reported value, ỹ, falls within the ex-post
verification region D(yz). Following Townsend (1979), we focus on incentive-compatible
contracts, in which the borrower always tells the truth. Thus, the reported value is always
equal to the actual value, i.e., ỹ = y.
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to both parties, specified rules can always be made contingent on yz. Let
x(y, yz) denote the transfer from the borrower to the lender. The ex-post
monitoring region, denoted by D(yz), is a set of realization of y, which also
depends on the realized yz.

Under an incentive-compatible contract, the specified transfer cannot
be conditioned on the realized yu when there is no ex-post verification, as yu

is observable only to the borrower. Further, repayment in the verification
region D(yz) should be no more than that in the non-verification region.
Thus, the contract should satisfy:

x(y, yz) =

x(yz) if y < D(yz),
x(y, yz) if y ∈ D(yz),

(5)

with

x(y, yz) ≤ x(yz). (6)

where x(yz) represents the repayment in the absence of ex-post verification,
while x(y, yz) represents the repayment under verification.

Also, the transfer from the borrower to the lender must be non-negative
and satisfy the feasibility constraint:

0 ≤ x(y, yz) ≤ y. (7)

Finally, the borrower should get an expected revenue no less than the
required level, Ŵ(n), which in turn depends positively on how much net
worth n the borrower has invested into the project. Thus, the promised
return constraint is given as∫

∞

0

{∫
y<D(z)

(
y − x(yz)

)
dFy|yz(y|yz;α)︸                                  ︷︷                                  ︸

No ex-post monitoring

+

∫
y∈D(z)

(
y − x(y, yz)

)
dFy|yz(y|yz;α)︸                                     ︷︷                                     ︸

Ex-post monitoring

}
dFyz(yz;α) ≥ Ŵ(n)︸︷︷︸

Required
revenue

. (8)

On the left hand side of the above condition, the first term is the borrower’s
expected revenue if ex-post monitoring does not happen, and the second
term is the expected revenue if ex-post monitoring happens.
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Problem 1 (Optimal contract I) Given the borrower’s net worth n, the optimal
financial contract is the solution of the following optimization problem:

Π̂(n) = max
A(n)

∫
∞

0

{∫
y<D(z)

x(yz) dFy|yz(y|yz;α)︸                          ︷︷                          ︸
No ex-post monitoring

+

∫
y∈D(z)

[
x(y, yz) − µ · (y − yz)

]
dFy|yz(y|yz;α)︸                                                  ︷︷                                                  ︸

Ex-post monitoring

}
dFyz(yz;α) − (1 − n) · R︸     ︷︷     ︸

Funding cost

, (9)

subject to (5)-(8).

In expression (9), Π̂(n) represents the lender’s expected net revenue.
On the right hand side, the first term is the expected revenue when ex-post
monitoring does not happen. The second term is the revenue when ex-post
monitoring happens, where y − yz = yu is the unobservable revenue (see
equation (1)). The third term is the funding cost.

2.3 Characterization of the optimal contract

We start by characterizing the optimal repayment rule x(y, yz) and the ex-
post verification region D(yz), conditional on a given value of α (Subsection
2.3.1). Then, we consider the optimal choice of α (Subsection 2.3.2).

2.3.1 Optimal repayment schedule and ex-post monitoring

Note that given the value ofα, if the observable revenue yz is fixed, Problem
1 collapses to a standard CSV problem. In such cases, the optimal contract
is a standard debt, with a fixed default threshold yT and verification region
D = [0, yT]. The repayment rule is x = yT in the absence of verification, and
x = y when verification occurs.

In contrast, in our model the distribution of the total revenue y depends
on the realization of yz. Specifically, conditional on yz, the total revenue
y follows a shifted log-normal distribution, with a support of [yz,∞) (see
equation (1)). In such cases, a standard debt contract with a constant
default threshold yT is no longer optimal. Instead, it becomes optimal

13



to smooth the costs of ex-post monitoring across different states of yz by
adjusting the threshold based on realized yz.

We show that given α, the optimal contract resembles a state-contingent
debt where the default threshold, yT(yz), varies with the observed perfor-
mance yz.

Lemma 1 The optimal contract has the following properties for any given real-
ization of yz:

1. D(yz) = [0, yT(yz)], with yT(yz) ≥ yz;

2. x(yz) = yT(yz) and x(y, yz) = y.

Proof. See Appendix A1.1. ■

As stated in Lemma 1, conditional on yz, the optimal contract resembles
a ‘performance-sensitive’ debt contract, where ex-post monitoring occurs
when the realized (and reported) total revenue y falls below the threshold,
yT(yz). Importantly, the threshold, yT(yz), is not constant but a function of
the observed performance, yz. The repayment rule is give by x(yz) = yT(yz)
in the absence of ex-post monitoring and x(y, yz) = y otherwise.

Problem 2 (Optimal contract II) Applying the results from Lemma 1, Problem
1 simplifies to:

Π̂(n) = max
α,{yT(yz)}

∫
∞

0

{
yT(yz) ·

(
1 − Fy|yz(yT(yz)|yz;α)

)
+

∫ yT(yz)

0
y dFy|yz(y|yz;α)

−µ ·

∫ yT(yz)

0
(y − yz) dFy|yz(y|yz;α)

}
dFyz(yz;α) − (1 − n) · R, (10)

subject to∫
∞

0

{∫
∞

yT(yz)

(
y − yT(yz)

)
dFy|yz(y|yz;α)

}
dFyz(yz;α) ≥ Ŵ(n). (11)
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2.3.2 Optimal ex-ante monitoring α

Remember that conditional on the observable revenue yz, the total revenue
y follows a shifted log-normal distribution, with a support of [yz,∞) (see
equation (1)). It is helpful to define

yT
u(yz) = yT(yz) − yz, (12)

and
uT(z) = log yT

u(yz) − log ŷu(α). (13)

Here, ŷu(α) = (1 − α)RK is the expected values of yu given α (see equation
(2)). yT

u(yz) is the threshold for unrecoverable revenue yu and uT(z) is the
threshold for unobservable shock u. When u > uT(z), the realized total
revenue y is higher than the threshold yT(yz), and thus ex-post monitoring
will not happen. When u ≤ uT(z), ex-post monitoring happens and the
lenders liquidate the project, taking away all the residuals.

Substituting (2) and (13) into Problem 2 allows us to express it in terms
of and uT(z) and z, yielding the simplified form:

Problem 3 (Optimal contract III) Problem 2 can be simplified as follows:

Π̂(n) = max
α∈[0,1],{uT(z)}

ŷz(α)+ ŷu(α) ·
∫
∞

−∞

[
Γ(uT(z)|z)−Θ(uT(z)|z)

]
dFz(z)−(1−n) ·R,

subject to

ŷu(α) ·
(
1 −

∫
∞

−∞

Γ(uT(z)|z)dFz(z)
)
= Ŵ(n), (14)

where ŷz(α) = α · (ρRK) is the expected value of yz given α, ŷu(α) = (1 − α) · RK

is the expected values of yu, and Γ(uT(z)|z) and Θ(uT(z)|z) are defined as

The lenders’ share: Γ(uT(z)|z) = euT(z)[1 − Fu|z(uT(z)|z)] +
∫ uT(z)

−∞

eu fu|z(u|z)du,

Liquidation costs: Θ(uT(z)|z) = µ
∫ uT(z)

−∞

eu fu|z(u|z)du.

Conditional on z, Γ(uT(z)|z) is the expected share of unobservable rev-
enue distributed to lenders, and Θ(uT(z)|z) is the expected cost of liquida-
tion (ex-post monitoring). Remember that uT(z) is the threshold of liqui-
dation conditional on z, and fu|z(u|z) and Fu|z(u|z) are respectively the p.d.f.
and c.d.f. of u conditional on z (see (4)).
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As can be seen, the simplified version of the optimal contracting prob-
lem (Problem 3) shares some similarities with those in conventional CSV
models (e.g., Bernanke et al. (1999)). Nevertheless, our model differs from
conventional models in some important ways. In our model, a portion of
investment revenue is observable (due to ex-ante monitoring), and the frac-
tion of observable revenue, α, is optimally chosen by the lender. Further,
the threshold for ex-post monitoring, uT(z), is contingent on the observed
performance, z. As will be discussed further below, this state-dependency
allows the lender to smooth ex-post monitoring costs across different real-
izations of z.

Optimal threshold uT(z). The first order condition for uT(z) is given by:

λ =
Γ′(uT(z)|z) −Θ′(uT(z)|z)

Γ′(uT(z)|z)
f or all z.

where λ is the Lagrangian multiplier associated with the promised return
constraint (14). Notice that on the right hand side of the above condition,
the numerator is the marginal increase in the expected net payment to the
lender when raising threshold uT(z), which equals to the marginal increase
in the gross payment, Γ′(uT(z)|z), net of the marginal increase in the cost of
ex-post monitoring, Θ′(uT(z)|z); The denominator is the marginal increase
in the gross payment, Γ′(uT(z)|z). Thus, λ is interpreted as the marginal rate
of transformation: To increase the expected net payment to the lender by
one unit, the borrower’s expected revenue will be reduced by 1/λ units,
where 1/λ− 1 is the loss rate of transformation due to monitoring costs. It
can be shown that the above condition can be re-written as

λ = 1 − µ ·Ω(uT(z) − κz) f or all z,

where function Ω(·) is defined as Ω(a) = f̃ (a)/(1 − F̃(a)), with f̃ (·) and F̃(·)
being respectively the p.d.f. and c.d.f. of N(ς, σ2

u|z).
13 Notice that on the

left hand side of the equation, λ, does not depend on z, and also that on
the right hand side, Ω(·) is a monotonically increasing function.14 Thus,
uT(z) − κz must equal across state z. This implies

uT(z) = u∗ + κz, (15)
13See Appendix A1.2 for the derivation of 1 − µ ·Ω(uT(z) − κz).
14See Appendix A1.3 for the properties of function Ω(·).
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and
λ = 1 − µ ·Ω(u∗), (16)

In expression (15), u∗ is referred to as the baseline threshold for ex-post mon-
itoring, and κz is the optimal adjustment of the threshold according to the
realization of z (the observed performance) to smooth ex-post monitoring
(liquidation) costs across state z.

Optimal ex-ante monitoring α. Using (15), the first order condition for α
can be written as:

ρ = λ · (1 − Γ̂(u∗)) + (Γ̂(u∗) − Θ̂(u∗)), (17)

where

Γ̂(u∗) ≡
∫
∞

−∞

Γ(u∗ + κz|z)dFz(z) and Θ̂(u∗) ≡
∫
∞

−∞

Θ(u∗ + κz|z)dFz(z)

are respectively the lenders’ share in unobservable revenue and the ex-
pected cost of ex-post monitoring (liquidation).15

Condition (17) indicates that the marginal net return of investment un-
der and not under ex-ante monitoring must be equalized. Note first that
the expected return of investment under ex-ante monitoring is ρRK, corre-
sponding to the left hand side of equation (17), which is publicly observable
and thus ‘pledgeable’. Note also that the expected return of investment
not under ex-ante monitoring is RK, but only a fraction Γ̂(u∗) − Θ̂(u∗) of
which is ‘pledgeable’ (remember that Γ̂(u∗) is the share of unobservable
revenue distributed to the lenders and Θ̂(u∗) is the cost of ex-post monitor-
ing). The remaining fraction, 1 − Γ̂(u∗), is kept by the borrower, which is
‘non-pledgeable’ and is thus discounted by the marginal rate of transform,
λ.

Furthermore, notice that the values of λ and u∗ are jointly determined
by conditions (16) and (17), which implies that they are functions of pa-
rameters:

λ = λ(ρ, µ, σ2
s , σ

2
ε) and u∗ = u∗(ρ, µ, σ2

s , σ
2
ε).

Then, the promised return constraint (14) can be re-written as:

α = 1 −
Ŵ(n)

RK(1 − Γ̂(u∗))
. (18)

15See Appendix A1.4 for the derivation of Γ̂(u∗) and Θ̂(u∗).
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Expression (18) indicates that the optimal intensity of ex-ante moni-
toring, α, is decreasing in the borrower’s required revenue Ŵ(n). Since
Ŵ(n) depends positively on the borrower’s net worth n, it follows that for
wealthier borrowers, who require less external financing, the intensity of
ex-ante monitoring is lower.

Also, as can seen in expression (18), α will never exceed one, but may
hits its lower bound of zero when Ŵ(n) is too large. If this is the case, there
exists a critical value of net worth, n̄, such that the non-negative constraint
for α binds when n > n̄. It is given by:

Ŵ(n̄) = RK · (1 − Γ̂(u∗)). (19)

In what follows, we focus on the cases where n ∈ (0, n̄).

Proposition 1 (Optimal contract) Given the borrower’s net worth n, with n ∈
(0, n̄), the optimal contract is characterized as follows. The ex-post verification
region is D(yz) = [0, yT(yz)], where the threshold, yT

u(yz), is given by

yT(yz) = yz + yT
u(yz), where yT

u(yz) = eu∗+κz
· ŷu(α).

Here, u∗ is a function of parameters as implied by (16) and (17), and the intensity
of ex-ante monitoring, α, is determined by condition (18). The repayment in the
absence of verification is x(yz) = yT(yz), and the repayment with verification is
x(y, yz) = y.

The borrower’s revenue. Note that under the optimal contract the ex-
pected revenue of the lender and the borrower, Π̂(n) and Ŵ(n), are given
by

Π̂(n) = ŷz(α) + ŷu(α) ·
(
Γ̂(u∗) − Θ̂(u∗)

)
− (1 − n) · R,

Ŵ(n) = ŷu(α) · (1 − Γ̂(u∗)).

Following Gale and Hellwig (1985), we assume that lenders are perfectly
competitive. For any given level of net worth n, lenders compete by of-
fering contracts with higher promised revenue, Ŵ(n), until their expected
profits Π̂(n) are driven to zero. The zero-profit condition, Π̂(n) = 0, indi-
cates that

Ŵ(n) = RE ·

(
n +
ρRK − R

R

)
, (20)
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where RE ≡ R/λ is the expected return on net worth n.16 Remember that
λ is the marginal rate of transformation, which is a function of parameters.
Thus, RE is also a function of parameters, which is larger than the cost of
external funds, R.

2.4 Intertemporal optimization

We now consider how the optimal level of net worth, n, is determined. In
period t, given initial wealth wit, the borrower invests nit into the project
and borrows 1 − nit from the lenders by choosing a contractAt(nit), where
the borrower’s expected revenue is Ŵ(nit). The reminder of the borrower’s
wealth is consumed, that is, cit = wit − nit. The borrower maximizes the
life-time utility, given by

Et

∞∑
h=0

βhci,t+h.

The borrower’s intertemporal optimization problem can be formulated
recursively, leading to the value function below:

Problem 4 (Intertemporal optimization) The borrower i solves

V(w|Φ) = max
n∈[0,w]

(w − n) + β · Et

[
V
(
W(y, yz,n)|Φ′

)]
,

where

W(y, yz,n) =

y − x(yz), if y < D(yz),
0, otherwise.

Remember that productivity shocks z and u have no persistence, and
the only aggregate state is the wealth distribution across borrowers, Φ(w).
The evolution of the borrowers’ wealth distribution is denoted by Φ(w′) =
F (Φ(w), s′).

Notice that the borrower’s expected revenue, i.e., Ŵ(n) = Ez,uW(y, yz,n),
given by equation (20), is linear in the borrower’s net worth, n, indicating
that net worth n has a constant expected return, RE (recall that RE ≡ R/λ
and λ is a function of parameters). To ensure that Problem 4 has interior

16See Appendix A1.5 for the derivation of the expression for Ŵ(n).
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solutions with non-zero consumption and internal finance, we made the
following assumption.

Assumption 3 Parameter β satisfies β · RE = 1.

Assumption 4 Whenever the borrower is indifferent between consumption and
investing in his/her project, he/she chooses to invest in the project.

Under Assumptions 3 and 4, the borrower’s optimal financing policy
is simple. When the borrower’s initial wealth w is less than the threshold
n̄, the borrower invests all the funds in the project, i.e., n = w, and borrows
1 − n from lenders. When w > n̄, the borrower invests n̄ in the project and
borrows 1− n̄ from lenders, and then consumes w− n̄. This is because once
n exceeds n̄, the optimal ex-ante monitoring intensity, α, hits its zero lower
bound, and the marginal return on net worth n drops below 1/β.

Proposition 2 (Optimal internal financing) Given the borrower’s initial wealth
w:

1. If w ≤ n̄, the borrower invests all the funds in the project, i.e. n = w and
c = 0;

2. If w > n̄, the borrower invests n̄ in the project and consumes the rest, i.e.
n′ = n̄ and c = w − n̄.

Thus, a borrower with w > n̄ is considered non-financially constrained in
the sense that his/her consumption in the current period is strictly positive.

Finally, it can be shown that the borrower’s value is given as

Vt(wt) = wt + Et

∞∑
h=0

βh

[
ρ

(
RK,t+h

R

)
− 1

]
.

The first term is the borrower’s current wealth, and the second term is the
surplus from projects in the future periods, which is strictly positive under
Assumption 2.
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2.5 Determination of aggregate variables

The aggregate level of effective investment, K, is defined as

K =
∫

i
ραi + (1 − αi).

Notice that K depends on borrowers’ information decisions, αi. Remember
that with ex-ante monitoring, each unit of consumption goods is trans-
formed into ρ < 1 units of effective capital, while without ex-ante monitor-
ing, the transformation rate is one. As mentioned in Section 2.1, the cost
of ex-ante monitoring, 1− ρ, captures not only the direct costs but also the
indirect costs associated with improving observability of realized profits.17

To close the model, we assume that the aggregate investment return,
RK, decreases with K:

RK = AKθ−1, (21)

where θ ∈ (0, 1) and A is a constant. One can think that there are goods
producers who rent capital from the borrowers and RK is the rental price.
Thus, the aggregate corporate profits is given by

Y =
∫

i

[
ραiezi + (1 − αi)eui

]
RK = esAKθ, (22)

where as mentioned before es is the aggregate shock.18.

2.6 Internal and external equity

The financial contract in our model is interpreted as external equity, and
thus lenders correspond to outside investors of firms’ equities, and the
borrower corresponds to an entrepreneur-manager who not only operates
the firm but also owns internal equity. The borrowers’ revenue contains
not only the return on (internal) equity but also managerial compensation.

At the beginning of the current period, the amount of internal equity (of
the entrepreneur-manager) is ni, and the amount of external equity (held

17For example, to increase observability of investment revenue, a firm may reduce R&D
investment, which is more efficient but subject to more severe information asymmetry,
when compared to fixed capital investment.

18Recall that zi = s + εz,i and ui = s + εu,i where the idiosyncratic components (εz,i and
εu,i) are i.i.d. across borrowers and do not depend on borrowers’ choices of αi.
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by outside investors) is 1−ni, which are determined in the previous period.
If the project is not liquidated, the ex-post return of equity in the current
period is given as

ri =

[
αi · ρ · ezi + (1 − αi) · eu∗+κzi

1 − ni

]
· RK. (23)

Remember that in the above expression the numerator is the payment to
lenders (see Proposition 1), while the denominator is the amount borrowed
from lenders. At the end of the current period, the amounts of internal and
external equity are respectively n′i and 1−n′i , which will be carried into the
next period. Thus, the net external equity financing in the current period
(i.e., issuance of additional external equity minus share repurchases and
dividends) is given as

Net external equity financing = (1 − n′i) − (1 − ni)︸               ︷︷               ︸
new issues minus repurchases

− (ri − 1)(1 − ni)︸           ︷︷           ︸
dividends

.

If the project is liquidated in the current period, the borrower starts a new
firm in the next period with zero internal equity.

Before analyzing how the stock market volatility fluctuates over busi-
ness cycles, it is helpful to formally define these measures.

The likelihood of liquidation. Remember that liquidation happens only
when realized u is below the threshold uT(z) = u∗ + κz. We denote by B(s)
the set of borrowers whose projects are not liquidated, given the aggregate
shock s. Thus, B(s) is defined as

B(s) =
{
i |ui > u∗ + κzi

}
.

The share of projects that are liquidated is

1 −
∫

i∈B(s)
1.

Recall that zi = s + εz,i and ui = s + εu,i. Thus, the likelihood of liquidation
can be written as

Prob
[
εu,i − κεz,i < u∗ − (1 − κ)s

]
.

Remember that εz,i and εu,i are independent of s and κ < 1. Thus, when the
aggregate productivity, s, is low, a larger share of projects will be liquidated.
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The cross-sectional dispersion in equity returns. The cross-sectional
standard deviation in ex-post stock returns, denoted by σp, is defined by

σ2
p =

∫
i∈B(s)

(ri − r̄)2∫
i∈B(s)

1
. (24)

where r̄ is the average of ri, with i ∈ B(s).
As can be seen from expressions (23) and (24), the cross-sectional dis-

persion of individual equity return ri depends not only on the intensity of
ex-ante monitoring, but also on the heterogeneity in borrowers’ financing
decisions. Notice that equity return ri is more responsive to the observed
performance, zi, when the intensity of ex-ante monitoring, αi, is higher.
Also, the heterogeneity in borrowers’ choices of αi and ni also contribute
to the cross-sectional dispersion of equity returns.

The volatility of market return. The market return, rm, is defined as

rm =

∫
i∈B(s)
ωiri, (25)

where ωi is the weight of borrower i, defined as

ωi =
1 − ni∫

i∈B(s)
(1 − ni)

.

We denote by σ2
m the ex-ante variance of market return, which is given as

σ2
m = E(r2

m) − E(rm)2. (26)

The expression for σ2
m is derived in Appendix A1.6.

Financial condition. The economy-wide financial condition is captured
by the spread between the aggregate investment return, RK, and the fund-
ing cost, R:

Spread = RK − R.
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3 Cyclical dispersion and volatility

Stock market volatility measures, such as cross-sectional dispersion of firm-
level stock returns and volatility of market return, tend to move together
in a counter-cyclical manner. Specifically, empirical studies have found:

1. The cross-sectional dispersion and market volatility in stock returns
fluctuate counter-cyclically and are highly correlated with each other
(e.g., Campbell and Lettau (1999) and Bloom (2009)).

2. Stock market volatility measures are highly correlated with financial
condition indicators (e.g., Gilchrist et al. (2014)).

These facts are often used as evidence supporting the notion that un-
certainty shocks (i.e., exogenous increases in uncertainty) lead to economic
recessions. However, our theoretical analysis in the previous sections sug-
gests that this phenomenon can be a byproduct of optimal financing adjust-
ment following adverse first-moment shocks. Here, we use the calibrated
version of the model to quantitatively show that a negative first-moment
shock to the aggregate productivity can lead to increases in stock market
volatility through the deteriorating the financial conditions of firms.

3.1 Parameter values

We calibrate the model to monthly frequency. The return of storage tech-
nology, R, is set to 1.002, indicating an annualized risk-free rate of 0.024.
Capital share, θ, is set to 0.25. Scalar A in equation (21) governs the aggre-
gate level of investment return and also the overall equity return. Its value
is chosen such that the annualized average return on equity (conditional
on non-liquidation) across firms is around 0.06. The cost of liquidation
(ex-post monitoring), µ, is set to 0.2, which is inline with existing studies.19

The key parameters are ρ, σs and σε. Their values are jointly chosen so
that the key model moments are inline with their data counterparts. Notice
that parameter σε (i.e., the standard deviation of firm-level idiosyncratic
shock ε) governs the degree of cross-sectional dispersion of stock returns,
σp,t; and parameter σs (i.e., the standard deviation of aggregate shock s)
governs the overall volatility of market return, σm,t. We set σs = 0.1 and

19For example, Bernanke et al. (1999) and Carlstrom and Fuerst (1997).
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Figure 1: The cross-sectional dispersion and time-series volatility in stock
returns

Notes: The above figure shows the movements of the cross-sectional standard deviation
of individual stock returns and the market volatility measured by the VXO index over the
period 2003M01-2018M12. Shaded bars indicate official NBER recessions.

σε = 0.1, and as a result, the long-run means of σp,t and σm,t at the stochastic
steady-state can roughly match the actual values before the 2008 financial
crisis.20 Recall that 1−ρ is the cost of ex-ante monitoring, which governs the
cost of external equity financing. Thus, the value of ρ is chosen to ensure
that the average share of external equity in total equity at the stochastic
steady state matches the data.21 This indicates that 1 − ρ = 0.024.22

20The values chosen for parameters σs and σε are also inline with the estimates of Bloom
(2009).

21According to Kole (1995), around 13% of equity of U.S. listed firms are held by the
management.

22Also, under our calibration, the cost of issuing external equity, λ, is around 0.1, which
is inline with the estimates of Belo et al. (2019).
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Table 1: Parameter values

Value Description
R 1.002 Return of the storage technology (monthly)
θ 0.25 Capital share
µ 0.2 Ex-post monitoring cost
ρ 0.976 Ex-ante monitoring cost, 1 − ρ, is 0.024
σs 0.1 Aggregate risk
σε 0.1 Idiosyncratic risk

3.2 Correlations

Our analysis focuses on three measures, namely the cross-sectional stan-
dard deviation of individual equity returns σp,t, the volatility of market
return σm,t, and the economy-wide financial conditions.

Table 2 below shows the correlation coefficients between pairs of these
measures. For each pair, the first columns show the correlation coefficients
estimated using corresponding data counterparts, and the second columns
show the coefficients estimated using model simulated data. As shown in
the table, simulated values are in line with data counterparts.

In the model, the correlation coefficient between market volatility and
financial condition is close to one, which is due to the set up of the model.
Recall that in the model, financial condition is represented by the spread
between aggregate investment return and funding cost, i.e. RK − R, where
RK is endogenously determined by how borrowers allocate funds between
investments with different degrees of transparency, that is, the average α.
The volatility of market return also depends on the average α, as shown in
Section 2.6. As a result, the two measures are almost perfectly correlated.

Table A1 in Appendix A2.1 shows that both the two stock market volatil-
ity measures, i.e., cross-sectional standard deviation of individual equity
returns σp,t and volatility of market return σm,t, are negatively correlated
with lagged TFP shocks, which are inline with the data. Remember that in
our model, an aggregate TFP shock affects the borrowers’ net worth and
thus optimal financial contracting in the current period, which then affects
the volatility of asset returns in the next period.

Robustness. Figure A1 in Appendix A2.2 shows the correlation coeffi-
cient between cross-sectional standard deviation of stock returns, σp,t, and
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Table 2: Correlations

I. Cross-sectional standard II. Volatility of
deviation of stock returns market return

Data Model Data Model Data Model
(1) (2) (3) (4) (5) (6)

Financial condition 0.795*** 0.719*** 0.842*** 0.999***
(0.044) (0.007) (0.039) (0.0004)

Volatility of 0.719*** 0.720***
market return (0.050) (0.007)
R2 0.632 0.517 0.516 0.519 0.709 0.999
Observations 192 - 192 - 192 -

Notes: The basket of selected stocks are consistent with Bloom (2009), and market volatil-
ity is measured using the VXO index. The actual tightness of the economy-wide financial
condition is measured using the Chicago Fed National Financial Condition Index. The re-
gressions are conducted using actual data over 2003M01-2018M12 and model-simulated
data. All variables are normalized to have a standard deviation of one. Standard errors
are reported in the brackets below.

volatility of market return, σm,t, computed over a rolling window. The cor-
relation coefficient is within the range of [0.5, 0.8] most of the time. Thus,
the positive correlation between the two stock market volatility measures
seems robust across different periods.

Tables A2 and A3 in Appendix A2.2 confirm that under our calibration,
the key moments of the model are close to their data counterparts. Further,
we also compute these moments (at the stochastic steady state) for different
values of ρ, σs, and σε. As shown in the tables, the results are qualitatively
the same as (and quantitatively similar to) those of the benchmark model.
Thus, our results are robust to alternative values of these parameters.23

23As show in the tables, when uncertainty increases (higher σs and σε), the correlation
coefficient between σp,t and σm,t becomes slightly smaller. This is due to the construction
of the two measures: In the model, σp,t (i.e, the standard deviation of realized returns)
is an ex-post measure, while σm,t (i.e., the square root of variance of market return) is an
ex-ante measure, computed before the realization of current period shocks. Therefore,
the correlation between the two measures becomes weaker when uncertainty is higher.
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3.3 Numerical exercises

3.3.1 Impulse responses

Recall that productivity shocks z and u are i.i.d. over time with no per-
sistence, and the only aggregate state is the wealth distribution across
borrowers, Φ(w). We assume that the economy is initially at the non-
stochastic steady state, and simulate the outcomes using independent
Gaussian draws for the model’s innovations for twenty thousands repli-
cations. Then, we compute resultant impulse responses using the method
proposed by Koop et al. (1996). The details are provided in Appendix A1.7.

We consider the effects of a negative first-moment shock that exoge-
nously reduces the aggregate productivity, s, by 2σs. Figure 2 below shows
the responses of the economy to the shock.

As shown in the Figure 2, following the adverse shock, the borrower’s
internal equity (net worth) drops. As a result, the agency problem becomes
more severe because the borrower now has a smaller stake in the project,
leading to higher costs of external financing. To mitigate the increased ex-
ternal financing costs, ex-ante monitoring is used more intensively, which
distributes more aggregate and idiosyncratic risks to the lenders, leading
to rises in both cross-sectional dispersion of individual stock returns and
volatility of market return. Further, the increased intensity of ex-ante moni-
toring reduces aggregate effective investment, K.24 This widens the spread
between aggregate investment return RK and funding cost R, reflecting
increased economy-wide external financing costs. In sum, our model pre-
dicts (i) counter-cyclical movements of cross-sectional dispersion of stock
returns and volatility of market return and co-movement between the two
measures, and (ii) co-movements between stock market volatility measures
and the economy-wide external financing costs, which are consistent with
data (Table 2).

In addition, heterogeneity in the borrowers’ choices of monitoring tech-
nologies, {αi}, also increases after the shock. This is because non-financially
constrained borrowers always make the same financial and information
decisions regardless of their wealth levels, while financially constrained
borrowers make different decisions according to their wealth levels. Fol-

24As mentioned in Section 2.1, in our model the cost of ex-ante monitoring captures not
only the direct costs (e.g., the costs to hire a professional auditor), but also indirect costs
associated with improving observability of realized profits.
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Figure 2: Responses to a negative aggregate TFP shock

Notes: All variables are normalized by corresponding long-run unconditional means.
Time horizon in months.

lowing the negative shock, the borrowers’ wealth distribution is shifted
to the left and more borrowers become financially constrained. Thus, the
increased heterogeneity across borrowers also contributes to the increased
cross-sectional dispersion of stock returns.25

25As shown in Figure A4 in Appendix A1.7, the increased heterogeneity across borrow-
ers also leads to larger cross-sectional dispersion of expected output.
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Finally, note that all the responses are persistent even if the shocks do
not have any persistence at all. The reason is that the stock market volatility
measures and financial condition measures considered in our exercises are
largely determined by the distribution of borrowers’ wealth, and it takes
time for the wealth distribution to recover after the negative first-moment
shock.

Policy implications. We consider first how financial transparency may
affect model results. We define financial transparency as the intensity and
quality of financial disclosures (Bushman et al. (2004)). Thus, improve-
ment of financial transparency, such as changes in mandated disclosure,
can reduce the information asymmetry between mangers and outside in-
vestors, facilitating external monitoring of managers (Berger and Hann
(2003)). Thus, in our model a higher level of transparency implies lower
costs of both ex-ante and ex-post monitoring. Thus, to investigate the ef-
fects of transparency, we set monitoring costs, µ and 1− ρ, 25% lower than
their baseline values and then compute the impulse responses to a negative
first-moment shock. The results are shown in Figure A2 in Appendix A2.3.

As shown in Figure A2, with a higher level of financial transparency
(i.e., lower ex-ante and ex-post monitoring costs), external financing costs
(the spread, RK − R) increase less after the adverse shock; However, stock
market volatility increases as much as in the benchmark model. Thus, in
our model transparency helps mitigate the fluctuations of external financ-
ing costs over business cycles, but does not significantly reduce the cyclical
fluctuations of stock market volatility.

This is because in the model, stock market volatility is largely deter-
mined by the choice of monitoring technologies: Volatility would be higher
if ex-ante monitoring is used more intensively. Reducing the costs of both
ex-ante and ex-post monitoring does not change the ‘relative cost’ of the
two, and thus has little impact the optimal choice of monitoring technolo-
gies. Thus, the response of stock market volatility is similar to those in the
benchmark model. However, with lower monitoring costs, the fluctuations
of external financing costs are reduced.

Also, we show that an expansionary monetary stimulus that lowers the
real interest rate can effectively mitigate the increases in external financing
costs and stock market volatility following the adverse first-moment shock.
The impulse responses are shown in Figure A3 in Appendix A2.3. This is
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because when the real interest rate is lower, the expected payment required
by outside investors is less, which reduces the need for monitoring. This
result is consistent with empirical studies, such as Bekaert et al. (2013),
who found a strong positive correlation between real federal funds rate
and the VIX index.

3.3.2 The 2008 financial crisis

To investigate the model’s capability to explain the increased volatility
during crises, we simulate the model using actual shocks over 2003M01-
2018M12. We ask the following question: Can exogenous decreases in
aggregate TFP that generate the observed drops in corporate profits during
the 2008 financial crisis lead to sizable rises in stock market volatility?

To this end, we first obtain the quarterly series of actual TFP by using
the series of quarterly TFP growth constructed by Fernald (2014).26 Then,
we convert the quarterly series to monthly through liner interpolation. TFP
shocks are the deviations of TFP from time trend, which are normalized to
have a standard deviation of σs.

We simulate the model using the actual TFP shocks, while assuming
the economy is initially at the non-stochastic steady state. The results are
shown in Figure 3, in which all the values are shown in log deviation from
their levels at the beginning of the crisis (2007M08). As the figure shows,
the model captures the drop in corporate profits. This is unsurprising since
actual TFPs are constructed using information on income and expenditure
of the business sector. However, the model is also able to explain around
1/2 to 2/3 of the fluctuations in stock market volatility measures during the
crisis. Thus, the channel studied in the present paper can be an alternative
explanation for the increased stock market volatility during the crisis.

4 Conclusion

The countercyclical fluctuations of stock market volatility is often used as
evidence supporting the notion that uncertainty shocks (i.e., exogenous
increases in uncertainty) lead to economic recessions. However, we show

26The quarterly series of actual TFP growth are constructed using the income and ex-
penditure sides of the national income and products accounts (NIPA), which are available
only at quarterly frequency.
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Figure 3: Stock market volatility and corporate profits during the 2008
financial crisis

Notes: The solid-blue lines show the cross-sectional relative dispersion of stock returns,
σp,t/r̄t, the volatility of market return, σm,t, and aggregate corporate profits, Yt, during
the 2008 financial crisis, which are simulated by using the model and the series of actual
TFP shocks constructed by Fernald (2014) (converted from quarterly to monthly through
linear interpolation). The dashed-red lines show their data counterparts. All variables
are shown in log deviation from their values at the beginning of the crisis (2007M08).

that first-moment productivity shocks can lead to countercyclical fluctua-
tions of measures of stock market volatility through their impacts on firms’
financial conditions.

We incorporate a CSV problem into a dynamic framework. The model
deviates from conventional CSV models by allowing for ex-ante monitor-
ing, which refers to setting up a mechanism in advance that can credibly
force borrowers to disclose the true investment outcomes to lenders. Ex-
ante monitoring is costly, but it allows payment to be made contingent on
the information revealed, which helps mitigate information frictions and
lower the likelihood of costly liquidation (ex-post monitoring).

The financial contracts in our model are interpreted as external equities,
and borrowers correspond to entrepreneur-managers who not only operate
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projects but also own internal equities. As an adverse first-moment shock
reduces the value of internal equities, the costs of external equity financing
become higher. Consequently, ex-ante monitoring is used more intensively
to mitigate information frictions. This facilitates external equity financing,
but it also leads to endogenous increases in equity return volatility, as a
byproduct of optimal financing adjustment.

Our model predicts countercyclical movements of stock market volatil-
ities and their close correlation with borrowers/firms’ financial conditions.
The calibrated model can generate correlation coefficients between pairs
of these measures that align quantitatively with empirical data.

The results of our analysis indicate that the observed countercyclical
fluctuations of stock market volatility can be outcomes of first-moment
shocks to fundamentals. However, our results do not necessarily diminish
the importance of stock market volatility measures as uncertainty proxies.
The primary goal in this paper is to explore another possible explanation
for this phenomenon.
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Appendices

A1 Mathematical derivations and proofs

A1.1 Proof of Lemma 1

Suppose the promised return constraint (8) binds. Then, Problem 1 can be
re-written as:

Π̂(n) = max
A(n)

ŷ(α) − Ŵ(n)

− µ ·

∫
∞

0

[ ∫
y∈D(z)

(y − yz) dFy|yz(y|yz;α)︸                              ︷︷                              ︸
Ex-post monitoring costs

]
dFyz(yz;α) − (1 − n) · R, (A.1)

subject to

ŷ(α) −
∫
∞

0

{∫
y<D(z)

x(yz) dFy|yz(y|yz;α)︸                          ︷︷                          ︸
No ex-post monitoring

+

∫
y∈D(z)

x(y, yz) dFy|yz(y|yz;α)︸                             ︷︷                             ︸
Ex-post monitoring

}
dFyz(yz;α) = Ŵ(n)︸︷︷︸

Required
revenue

, (A.2)

x(y, yz) ≤ x(yz), (A.3)

and
0 ≤ x(y, yz) ≤ y and 0 ≤ x(yz) ≤ y, (A.4)

where ŷ(α) = [αρ+ (1−α)]RK is the expected total revenue and y− yz is the
unobservable revenue (see equations (1) and (2)).A1

As can be seen from the above optimization problem, given the choice
of α, the optimal repayment rule, x(y, yz) (i.e., x(yz) and x(y, yz)), and veri-
fication region D(yz), should minimize the cost of ex-post monitoring (i.e.,

A1Given α, the expected values of yz and yu are given respectively by ŷz(α) = αρRK and
ŷu(α) = (1 − α)RK (see equation (2)).
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the third term in (A.1)), subject to the promised return constraint (A.2)),
the incentive compatibility constraint (A.3), and the feasibility constraints
(A.4).

Recall that with ex-ante monitoring, the total revenue, y, consists of an
observable part, yz, and an unobservable part, yu (see equation (1)). Condi-
tional on yz, the total revenue y follows a shifted log-normal distribution,
with a support of [yz,∞). If for a given yz, the repayment obligation x(yz)
is strictly less than yz, then the contractual transfer can be fully satisfied by
using the observable revenue yz, and thus ex-post monitoring is no longer
needed, i.e., D(yz) = ∅, regardless of the realized total revenue y. In con-
trast, if x(yz) > yz, the entirety of the observable revenue yz is distributed
to the lender. The residual obligation, x(yz) − yz, must then be paid from
unobservable revenue yu. In such cases, ex-post monitoring is still needed.

If the intensity of ex-ante monitoring, α, is high enough such that the
expected value of unobservable revenue is less than the promised revenue
of the borrower, i.e., E[yu] = (1 − α)RK < Ŵ(n), then ex-post monitoring is
no longer needed. This is because to satisfy the promised return constraint
(A.2), the lender can simply distribute all the unobservable revenue yu to
the borrower, supplemented by a portion of observable revenue such that
the borrower’s total expected revenue equals Ŵ(n), i.e., setting x(yz) = τyz,
with E[y − x(yz)] = E[yu] + (1 − τ)E[yz] = Ŵ(n), and D(yz) = ∅.

However, this is not optimal, since the lender can always reduceα to the
point such that E[yu] = (1−α)RK = Ŵ(n). In this case, all the unobservable
revenue are kept by the borrower, while all the observable revenue are
transferred to the lender (i.e., x(yz) = yz and D(yz) = ∅). Thus, the optimal
level of α should be low enough such that E[yu] = (1− α)RK ≥ Ŵ(n) holds.
This indicates that

x(yz) ≥ yz

should hold for all the realizations of observable revenue yz.A2

In what follows, we consider the optimal repayment rules and ex-post
verification region.

First, we show that given the realized yz, the optimal verification region

A2Since E[yu] ≥ Ŵ(n), if there exists some states y′z such that x(y′z) < y′z, then there must
exist some other states y′′z where x(y′′z ) > y′′z . Otherwise, the borrower’s expected revenue
would be strictly higher than Ŵ(n) (i.e.,over-compensation), that is, E[yu + yz − x(y, yz)] >
E[yu] ≥ Ŵn. Then, it is optimal to raise x(y′z) to y′z while reducing y′′z .
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has the property thatA3

D(yz) = [0, yT(yz)], with yT(yz) ≥ yz.

Suppose, to the contrary, that for a given yz, the verification region is
given as D(yz) = [0, yT(yz)] ∪ {y′}, where y′ > yT(yz) is an isolated point.
Since the payment x(yz) is feasible at y = yT(yz), it must also be feasible
when y = y′ > yT(yz). Thus, it is optimal to take y′ out of the monitoring
region, while simultaneously reducing x(yz) such that the borrower’s ex-
pected revenue remains at Ŵ(n) (see (A.2)). By doing so, the lender can get
a higher expected revenue, as the verification region D(yz) becomes now
smaller (see (A.1)).

Similarly, suppose that the verification region is given by the punctured
interval D(yz) = [0, y′) ∪ (y′, yT(yz)]. Notice that since the transfer x(yz) is
feasible at y = y′, it must also be feasible for any y ∈ (y′, yT(yz)]. Thus,
it is optimal to take the interval (y′, yT(yz)] out of the monitoring region,
while simultaneously reducing x(yz) such that the borrower’s expected
revenue remains at Ŵ(n) (see (A.2)). By doing so, the lender can achieve
a higher expected revenue, because the verification region D(yz) becomes
now smaller (see (A.1)).

Second, for any given yz, the optimal repayment rules have the follow-
ing properties:

x(yz) = yT(yz) and x(y, yz) = y.

Note that x(yz) cannot be larger than yT(yz). Otherwise, the feasibility
constraint (A.4) will be violated for some y ∈ (yT(yz),∞). Note also that it
is not optimal for x(yz) to be less than yT(yz). In such cases, one can narrow
the verification region by choosing a lower threshold, ỹT(yz) = x(yz), and
then reducing x(yz) such that the borrower’s expected revenue remains at
Ŵ(n) (see (A.2)). As a result, the lender can get a higher expected revenue,
as the verification region D(yz) becomes smaller (see (A.1)).

Also, suppose x(y′, yz) < y′ for some y′ ∈ [0, yT(yz)], it is optimal to in-
crease x(y′, yz) to y′, and then reduce x(yz) and yT(yz) to keep the borrower’s
expected revenue remains at Ŵ(n) (see (A.2)). This narrows the verifica-
tion region D(yz), allowing the lender to get a higher expected return (see
(A.1)).

A3Notice that the threshold, yT(yz), should be no less than yz, since yz is the lower bound
of y (see equation (1)).
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A1.2 Derivation of function Ω(uT(z) − κz)

Note first that

Γ′(uT(z)|z) = euT(z)[1 − Fu|z(uT(z)|z)] and Θ′(uT(z)|z) = µeuT(z) fu|z(uT(z)|z),

where f (u|z) and F(u|z) are respectively the p.d.f. and c.d.f. of u conditional
on z. Note also that

u|z ∼ N(κz + ς, σ2
u|z),

as mentioned in Section 2.1. Thus,

fu|z(u|z) = f̃ (u − κz) and Fu|z(u|z) = F̃(u − κz), (A.5)

where f̃ (·) and F̃(·) are respectively the p.d.f. and c.d.f. ofN(ς, σ2
u|z). Thus,

we have

Θ′(uT(z)|z)
Γ′(uT(z)|z)

= µ ·
f̃ (u − κz)

1 − F̃(u − κz)
= µ ·Ω(uT(z) − κz).

A1.3 Properties of function Ω(uT(z) − κz)

Note that function Ω(a) is given as

Ω(a) =
f̃ (a)

1 − F̃(a)
,

where f̃ (·) and F̃(·) are respectively the p.d.f. and c.d.f. ofN(ς, σ2
u|z).

Note also that

Ω′(a) =
f̃ ′(a)(1 − F̃(a)) + f̃ 2(a)

(1 − F̃(a))2
.

Since f̃ ′(a) = −[(a − ς)/σ2
u|z] · f̃ (a), thus Ω′(a) can be re-written as

Ω′(a) =
f̃ (a)

(1 − F̃(a))2
· χ(a),

where
χ(a) ≡ f̃ (a) −

a − ς
σ2

u|z

· (1 − F̃(a)).

It can be shown that χ′(a) = −(1 − F̃(a))/σ2
u|z < 0 and that χ(a) goes to zero

when a→ ∞. Thus, χ(a) is always positive for any a ∈ (−∞,∞). It follows
that Ω′(a) is always positive.
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A1.4 Derivation of Γ̂(u∗) and Θ̂(u∗)

Note first that by using (15) and (A.5), we have

Γ(uT(z)|z) = Γ(u∗ + κz|z) = eu∗+κz[1 − F(u∗ + κz|z)] +
∫ u∗+κz

−∞

eu f (u|z)du,

= eu∗+κz[1 − F̃(u∗)] + eκz
∫ u∗

−∞

eu f̃ (u)du,

= eu∗+κz[1 − F̃(u∗)] + e
σ2s|z

2 +κz
· F̃(u∗ − σ2

u|z),

Θ(uT(z)|z) = Θ(u∗ + κz|z) = µ
∫ u∗+κz

−∞

eu f (u|z)du = µ · eκz
∫ u∗

−∞

eu f̃ (u)du,

= µ · e
σ2s|z

2 +κz
· F̃(u∗ − σ2

u|z).

Thus, we have

Γ̂(u∗) ≡
∫
∞

−∞

Γ(u∗ + κz|z)dG(z) = eu∗−
σ2s|z

2 [1 − F̃(u∗)] + F̃(u∗ − σ2
u|z),

Θ̂(u∗) ≡
∫
∞

−∞

Θ(u∗ + κz|z)dG(z) = µ · F̃(u∗ − σ2
u|z).

A1.5 Derivation of π̂(n)

Note first that by rearranging the expression for π̂(n) in Problem 3, we have

π̂(n) = ρRK − (1 − n)R + (1 − α)(1 − ρ − Θ̂(u∗))RK.

Note also that condition (18) implies

1 − α =
ρRK − (1 − n)R

ρRK − [Γ̂(u∗) − Θ̂(u∗)]RK
.

By combing the above two equations, we have

π̂(n) = [ρRK − (1 − n)R] ·
1 − Γ̂(u∗)

ρ − [Γ̂(u∗) − Θ̂(u∗)]
.

By using condition (17) in the above equation, we have

π̂(n) = (1 + λ)[ρRK − (1 − n)R] = (1 + λ)R
(
n +
ρRK − R

R

)
.
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A1.6 Derivation of market volatility σ2
m

Note first that market return rm, defined by (25), can be re-written as

rm =

∫
i∈B(s)

xi∫
i∈B(s)

1 − ni
,

where
xi =

[
αi · ρ · ezi + (1 − αi) · eu∗+κzi

]
· RK.

Remember that zi = s + εz,i, where the idiosyncratic shock εz,i is i.i.d.
across borrowers and is independent of the borrowers’ choices of αi and
ni. Thus, given the aggregate state s, the market average of repayment xi

(conditional on non-liquidation), denoted by xm(s), is given as

xm(s) =
[
αm · ρ · ϕ1(s) + (1 − αm) · eu∗

· ϕκ(s)
]
· RK, (A.6)

where αm is the simple average of αi, and

ϕ1(s) = es
· Eε(eεz,i |i ∈ B(s)) and ϕκ(s) = eκs

· Eε(eκεz,i |i ∈ B(s)). (A.7)

Then, the ex-ante market volatility, σ2
m, defined by (26), can be re-written

as

σ2
m =
Es(xm(s)2) − Es(xm(s))2

(1 − nm)2 ,

where nm is the simple average of ni, and

Es(xm(s)) =
{
αm · ρ · Es[ϕ1(s)] + (1 − αm) · eu∗

· Es[ϕκ(s)]
}
· RK, (A.8)

Es(xm(s)2) = Es

{[
αm · ρ · ϕ1(s) + (1 − αm) · eu∗

· ϕκ(s)
]2
}
· R2

K. (A.9)

To compute the value of σ2
m, we first derive analytically Eε(eεz,i |i ∈ B(s))

and Eε(eκεz,i |i ∈ B(s)) in expressions (A.7). Recall that liquidation does not
happen (i ∈ B(s)) when ui > u∗ + κzi. Since zi = s+ εz,i and ui = s+ εu,i, thus
the condition for non-liquidation can be re-written as

εu,i > u∗ − (1 − κ)s + κεz,i.

Thus, the probability density function of εz,i conditional on non-liquidation
is given as

fc(εz|i ∈ B(s)) =
fεz(εz) ·

[
1 − Fεu(u∗ − (1 − κ)s + κεz)

]
1 − Fεu−κεz(u∗ − (1 − κ)s)
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By using the above probability density function, it can be shown that

Eε(eεz,i |i ∈ B(s)) =
1 − Fεu−κεz(u∗ − (1 − κ)s + κσ2

ε)
1 − Fεu−κεz(u∗ − (1 − κ)s)

.

Similarly, we can show that

Eε(eκεz,i |i ∈ B(s)) = eκ(1−κ)ς
·

1 − Fεu−κεz(u∗ − (1 − κ)s + κ2σ2
ε)

1 − Fεu−κεz(u∗ − (1 − κ)s)
.

Thus, by using the above results in expressions (A.7), we obtain analytical
expressions forϕ1(s) andϕκ(s). After that, the values ofEs[ϕ1(s)],Es[ϕ1(s)2],
Es[ϕκ(s)] and Es[ϕκ(s)2] in expressions (A.8) and (A.9) are computed nu-
merically.

A1.7 Computation of the impulse responses

We consider impulse responses to a negative shock to the aggregate pro-
ductivity, s, of size 2σs. Remember that all the shocks in the model have
no persistence, and the only aggregate state is the wealth distribution of
the borrowers, Φ(w). We assume that the economy is initially at the steady
state, and the shock hits the economy in period 1. The impulse responses
are computed using the Monte Carlo techniques developed by Koop et al.
(1996). The impulse response function is defined as:

GIX(t|s1,Φ0(w)) = E(Xt|s1,Φ0(w)) − E(Xt|Φ0(w)), f or t = 1, 2, ...,T,

where T is the horizon of the impulse responses, E(Xt|Φ0(w)) is the expec-
tation of Xt conditional on the initial state, Φ0(w), and E(Xt|s1,Φ0(w)) is the
expectation of Xt conditional on not only Φ0(w) but also s1. Recall that s1 is
the aggregate productivity shock in period 1.

We set the number of replications to R, and draw independently in-
novations from normal distributions. The initial state, Φ0(w), corresponds
to the wealth distribution at the non-stochastic steady state. To compute
E(Xt|Φ0(w)) and E(Xt|s1,Φ0(w)) numerically, we conduct the following two
simulations.

First, we simulate the model without the shock. For each replication r,
given the initial wealth distribution, Φ0(w), we simulate the model using
randomly drawn innovations and obtain X(r)

t for t = 1, 2, ...,T and r = 1, 2,
...,R.
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Second, we simulate the model with the shock. For each replication r,
given the initial wealth distribution, Φ0(w), we simulate the model using
randomly drawn innovations with the aggregate shock in period 1 being
replaced by s1 = −2σs. Then, we obtain X̌(r)

t for t = 1, 2, ...,T and r = 1, 2, ...,
R.

The two expectations are approximated as the average across replica-
tions:

Ê(Xt|s1,Φ0(w)) =
1
R

R∑
r=1

X̌(r)
t and Ê(Xt|Φ0(w)) =

1
R

R∑
r=1

X(r)
t .

Then, the approximated impulse response in period t is given by

GIX(t|s1,Φ0(w)) =
1
R

R∑
r=1

X̌(r)
t −

1
R

R∑
r=1

X(r)
t .

Finally, we compute the long-run unconditional means of the variables,
denoted by E0(X), by simulating the model for 12,000 periods, while using
the wealth distribution at the non-stochastic steady state as the initial state.
To obtain Ê0(X), we drop the first 2000 periods and take time average of the
simulated values. Then, we divide the approximated impulse responses
by corresponding long-run unconditional means:

GIX(t|s1,Φ0(w))

Ê0(X)
.
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A2 Calibration and numerical exercises

A2.1 Correlations

Table A1: Correlations

I. Cross-sectional standard II. Volatility of
deviation of stock returns market return

Data Model Data Model
(1) (2) (3) (4)

TFPt−1 -0.768*** -0.611*** -0.717*** -0.841***
(0.102) (0.003) (0.091) (0.002)

R2 0.484 0.373 0.503 0.708
Observations 63 - 63 -

Notes: The basket of selected stocks are consistent with Bloom (2009), and market volatil-
ity is measured using the VXO index. The actual tightness of the economy-wide financial
condition is measured using the Chicago Fed National Financial Condition Index. The
actual TFP shocks (to business sector) are estimated by Fernald (2014) and downloaded
from the Federal Reserve Bank of San Fransisco, which are available only at quarterly
frequency. Thus, the actual correlations between σp,t (σm,t) and TFP shocks are estimated
using quarterly data. All variables are normalized to have a standard deviation of one.
Standard errors are reported in the brackets below.
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A2.2 Robustness

Figure A1: Correlation coefficient between the actual cross-sectional stan-
dard deviation of individual stock returns and the VXO index

Notes: The graph shows the correlation coefficient between the cross-sectional standard
deviation of actual individual stock returns and the VXO index over a 60 month rolling
window, with step size being set to 12 month.
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Table A2: Robustness of model results to changes in value of ρ

Data Model

The cost of ex-ante monitoring, 1 − ρ =

Baseline Lower cost Higher cost

0.024 0.012 0.018 0.030 0.036

(1) (2) (3) (4) (5) (6)

corr(σp,t, σm,t) 0.719 0.720 0.747 0.734 0.705 0.687
corr(σp,t, f inct) 0.795 0.719 0.745 0.732 0.704 0.686
corr(σm,t, f inct) 0.842 0.999 0.999 0.999 0.999 0.999
corr(σp,t, t f pt−1) -0.768 -0.611 -0.626 -0.620 -0.601 -0.588
corr(σm,t, t f pt−1) -0.717 -0.841 -0.834 -0.839 -0.845 -0.847
σp,ss 0.081 0.067 0.065 0.066 0.068 0.070
σm,ss 0.064 0.067 0.064 0.065 0.068 0.070

Notes: This table shows the key model moments for different values of ρ. The first to the
fifth rows show the pairwise correlations between cross-sectional standard deviation of
individual stock returns σp,t, volatility of market return σm,t, the economy-wide financial
condition f inct, and aggregate TFP shocks. The sixth to the seventh rows show the mean
of σp,t and σm,t at the stochastic steady state. The actual economy-wide financial condition
is proxied by the NFCI index, while in the model it is represented by the spread between
aggregate investment return and funding cost (RK−R). The actual market volatility σm,t is
proxied using the VXO index (de-annualized). The actual TFP shocks (to business sector)
are estimated by Fernald (2014) and downloaded from the Federal Reserve Bank of San
Fransisco, which are available only at quarterly frequency. Thus, the actual correlations
between σp,t (σm,t) and TFP shocks are computed using quarterly data.
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Table A3: Robustness of model results to changes in values of σs and σε

Data Model

The std. of aggregate and idiosyncratic shocks, σs = σε =

Baseline Lower risks Higher risks

0.1 0.05 0.075 0.125 0.15

(1) (2) (3) (4) (5) (6)

corr(σp,t, σm,t) 0.719 0.720 0.869 0.803 0.635 0.556
corr(σp,t, f inct) 0.795 0.719 0.869 0.802 0.633 0.554
corr(σm,t, f inct) 0.842 0.999 0.999 0.999 0.999 0.998
corr(σp,t, t f pt−1) -0.768 -0.611 -0.810 -0.712 -0.520 -0.442
corr(σm,t, t f pt−1) -0.717 -0.841 -0.918 -0.877 -0.815 -0.794
σp,ss 0.081 0.067 0.029 0.047 0.088 0.110
σm,ss 0.064 0.067 0.029 0.047 0.088 0.111

Notes: This table shows the key model moments for different values of σs and σε. The
first to the fifth rows show the pairwise correlations between cross-sectional dispersion of
individual stock returns σp,t, volatility of market return σm,t, the economy-wide financial
condition f inct, and aggregate TFP shocks. The sixth to the seventh rows show the mean
of σp,t and σm,t at the stochastic steady state. The actual economy-wide financial condition
is proxied by the NFCI index, while in the model it is represented by the spread between
aggregate investment return and funding cost (RK−R). The actual market volatility σm,t is
proxied using the VXO index (de-annualized). The actual TFP shocks (to business sector)
are estimated by Fernald (2014) and downloaded from the Federal Reserve Bank of San
Fransisco, which are available only at quarterly frequency. Thus, the actual correlations
between σp,t (σm,t) and TFP shocks are computed using quarterly data.
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A2.3 Impulse responses

Figure A2: Responses to a negative aggregate TFP shock under different
levels of transparency

Notes: The solid-blue lines show responses of the benchmark economy. The dashed-red
lines show responses of the alternative economy with a higher level of transparency (in
which the monitoring costs,µ and 1−ρ, are 25% lower compared to those in the benchmark
model). All variables are normalized by corresponding long-run unconditional means.
Time horizon in months.
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Figure A3: Responses to a negative aggregate TFP shock with and without
monetary policy stimulus

Notes: The solid-blue lines show responses of the benchmark economy without monetary
policy. The dashed-red lines show responses of an alternative economy in which monetary
policy reacts to the negative shock by reducing real interest rate by 1% in the period after
the shock. All variables are normalized by corresponding long-run unconditional means.
Time horizon in months.
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Figure A4: Responses of cross-sectional dispersion in expected output to
a negative aggregate TFP shock

Notes: Variables are normalized by corresponding long-run unconditional means. Time
horizon in months.
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A3 Extensions

A3.1 Unobservable α

We now consider the case where setting the intensity of ex-ante monitoring,
α, is an action to be taken by the borrower and is unobservable to the lender.
Consequently, α is non-contractible. As will be shown, the lender needs to
provide additional incentives to prevent the borrower from deviating from
the prescribed α, thereby inducing additional costs associated with ex-ante
monitoring. However, the model results remain qualitatively the same as
in the baseline model: in equilibrium the intensity of ex-ante monitoring,
α, is decreasing in the borrower’s net worth.

We start by showing why the borrower has an incentive to deviate from
the prescribed α.

For illustrative purpose, we consider a simplified version of the model
in which the macro component of productivity shocks, s, is set to zero.
Thus, shocks u and z are now independent from each other, indicating that
κ = 0 (see (3) and (4)). Under this specification, the optimal repayment
rules and verification region are given as (see Proposition 1)

D(yz) = [0, yT(yz)], where yT(yz) = yz + yT
u , (A.10)

and

x(y, yz) =

yT(yz), if y < D(yz),
y, otherwise.

(A.11)

Therefore, the borrower’s expected revenue is

E[y − x(y, yz)] =
∫
∞

yT
u

(yu − yT
u) dFyu(yu;α),

while the expected transfer to the lender is

E[x(y, yz)] =
∫
∞

0
yz dFyz(yz;α) + yT

u ·
(
1 − Fyu(yu;α)

)
+

∫ yT
u

0
yu dFyu(yu;α).

As can be seen from the above expressions, under the current contract
all the observable revue yz are transferred to the lender, while the borrower
retains the portion of yu that exceeds the threshold yT

u . By lowering α, the
probability mass function of yu is shifted to the right, while the probability
mass function of yz is shifted to the left. This raises the borrower’s expected
revenue, while reduces the expected transfer to the lender.
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Performance-based hurdle. We show that the lender can use a simple
performance-based hurdle to incentivize the borrower to adhere to the
prescribed α. As explained before, the borrower has an incentive to lower
α, which shifts the probability mass function of yz to the left, lowering the
expected value of yz. To penalize such deviation, the lender can implement
a performance-based hurdle: the borrower receives zero revenue when the
realized observable performance yz falls below a threshold yT

z . Admittedly,
there may exist alternative ways to incentivize the borrower. However, we
restrict our attention to this type of performance hurdle because it is simple
to implement and widely observed in the practice.

With the performance-based hurdle, the repayment rules and verifica-
tion region are changed from (A.10) and (A.11) to the following:

D(yz) =

[0, yT(yz)], if yz > yT
z ,

[0, y], if yz ≤ yT
z ,

(A.12)

where yT(yz) = yz + yT
u , and

x(y, yz) =

yT(yz), if yz > yT
z and y < D(yz),

y, otherwise.
(A.13)

Figure A5 below shows the borrower’s expected revenue (left panel)
and the expected transfer to the lender (right panel), conditional on the
realization of yz. As shown in the figure, when the observed performance
yz is below the threshold yT

z , the borrower’s revenue is zero. Once the
realized yz exceeds yT

z , the borrower’s expected revenue jumps to a strictly
positive value. When the borrower lowers α, the probability mass function
of yz is shifted to the left, and the observable performance yz becomes more
likely to fall below yT

z . This discourages the borrower from deviating from
the prescribed α.
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Figure A5: Performance-based hurdle

Optimal α. We now consider how the intensity of ex-ante monitoring, α,
is determined. Note that with the performance-based hurdle, the lender’s
optimization problem is given as follows:

Π̂(n) = max
α,yT

z ,yT
u

ŷz(α) + Fyz(yT
z ;α) · (1 − µ) · ŷu(α) (A.14)

+
(
1 − Fyz(yT

z ;α)
)
·

[
yT

u ·
(
1 − Fyu(yT

u)
)
+ (1 − µ)

∫ yT
u

0
yu dFyu(yu;α)

]
subject to the promised return constraint

W̃(α, yT
z , y

T
u) ≡

(
1 − Fyz(yT

z ;α)
)
·

∫
∞

yT
u

(yu − yT
u) dFyu(yu;α) ≥ Ŵ(n). (A.15)

and the incentive-compatible constraint

α maximizes W̃(α, yT
z , y

T
u),

which implies

∂W̃(α, yT
z , yT

u)
∂α

= −
∂Fyz(yT

z ;α)
∂α

·

∫
∞

yT
u

(yu − yT
u) dFyu(yu;α)

−

(
1 − Fyz(yT

z ;α)
)
·

( 1
1 − α

)
·

∫
∞

yT
u

yu dFyu(yu;α) = 0. (A.16)
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Here, function W̃(α, yT
z , yT

u) represents the borrower’s expected revenue.
Since α is non-contractible, it must maximize W̃(α, yT

z , yT
u) to satisfy the

incentive compatibility constraint; Otherwise, the borrower will deviate
from the prescribed α. Condition (A.16) is the first-order condition, which
is a necessary condition for α to maximize W̃(α, yT

z , yT
u) given yT

z and yT
u .

We solve for the optimal α numerically. Specifically, for a given value
of α, we solve for yT

z and yT
u using (A.15) and (A.16), and then compute the

lender’s expected revenue.A4 We search over the interval α ∈ [α, α] to find
the optimal α∗ that maximizes the lender’s expected revenue.

The results are plotted in Figure A6 below. The left panel of the figure
shows the baseline case where the borrower’s required revenue Ŵ(n) is
set to 0.1. In this case, the lender’s expected return is maximized when
α∗ = 0.187. We then consider a scenario where the borrower invests less
net worth into the project, such that Ŵ(n) decreases to 0.095. As a result,
the optimal α∗ rises to 0.217. These results are qualitatively consistent with
the baseline model: a lower level of net worth is associated with a higher
level of ex-ante monitoring.

Figure A6: Optimal α∗

To confirm the global optimality of α∗ from the borrower’s perspective,
we compute the borrower’ expected revenue, W̃(α, yT

z , yT
u), for different

values of α, while fixing yT
z and yT

u at their contractual levels. The results

A4Note that given α, yT
z and yT

u are implicitly defined by (A.15) and (A.16).
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are shown in Figure A7. As can be seen, the borrower’s expected revenue
is indeed maximized at α = α∗, and thus the borrower has no incentive to
deviate from the prescribed α∗.

Figure A7: Global optimality of α∗ from the borrower’s perspective

A3.2 Contracts offered by the borrower

In this subsection, we show that given the bargaining powers of the lender
and the borrower, the optimal contract is invariant to who proposes the
contract.

Note that if the contract is offered by the borrower, Problem 3 is changed
to

Ŵ(n) = max
α∈[0,1],{uT(z)}

ŷu(α) ·
(
1 −

∫
∞

−∞

Γ(uT(z)|z) dFz(z)
)
,

subject to

Π̂(n) = ŷz(α) + ŷu(α) ·
∫
∞

−∞

[
Γ(uT(z)|z) −Θ(uT(z)|z)

]
dFz(z) − (1 − n) · R = 0.

Note that by combing the above two expressions, we have

Ŵ(n) + Π̂(n) = max
α∈[0,1],{uT(z)}

ŷ(α) − ŷu(α) ·
∫
∞

−∞

Θ(uT(z)|z) dFz(z) − (1 − n) · R,
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Note also that by combing the promised return constraint and the objective
function in Problem 3, we obtain an expression identical to the one derived
above. This indicates that no matter which party proposes the contract, the
optimal contract should maximize the total surplus, Ŵ(n)+Π̂(n). Under the
assumption that lenders are perfectly competitive, the lender’s expected
net revenue should always be zero, Π̂(n) = 0, indicating that the borrower
always captures all the surplus. Thus, the borrower’s expected revenue,
Ŵ(n), remains the same no matter who proposes the contract.
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